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Experimental data obtained in various turbulent flows are analysed by means of
orthogonal wavelet transforms. Several configurations are analysed: homogeneous
grid turbulence at low and very low Reλ, and fully developed jet turbulence at moderate
and high Reλ. It is shown by means of the wavelet decomposition in combination
with the form of scaling named extended self-similarity that some statistical properties
of fully developed turbulence may be extended to low-Reλ flows. Indeed, universal
properties related to intermittency are observed down to Reλ ' 10. Furthermore, the
use of a new conditional averaging technique of velocity signals, based on the wavelet
transform, permits the identification of the time signatures of coherent structures
which may or may not be responsible for intermittency depending on the scale of
the structure itself. It is shown that in grid turbulence, intermittency at the smallest
scales is related to structures with small characteristic size and with a shape that may
be related to the passage of vortex tubes. In jet turbulence, the longitudinal velocity
component reveals that intermittency may be induced by structures with a size of
the order of the integral length. This effect is interpreted as the signature of the
characteristic jet mixing layer structures. The structures identified on the transverse
velocity component of the jet case turn out on the other hand not to be affected by
the mixing layer and the corresponding shape is again correlated with the signature
of vortex tubes.

1. Introduction
In 1941 Kolmogorov laid the foundations of the statistical theory of homogeneous

and isotropic turbulence at high Reynolds number (hereafter referred to as the K41
theory). By means of simple dimensional analyses, Kolmogorov (1941) obtained the
following scaling law of the so-called p-order velocity structure function (see e.g.
Monin & Yaglom 1975):

〈∆V (r)p〉 = 〈[V (x+ r)− V (x)]p〉 ∼ rζ(p), (1.1)

with ζ(p) = p/3. In terms of wavenumbers k = 2πf/V , where f represents the
frequency and V the mean velocity, the well-known E(k) ∼ k−5/3 law applies for the
energy-spectrum E(k). As pointed out by Vassilicos (1996), a non-integer value of the
scaling exponent of the energy spectrum corresponds to the effect of singularities in
the turbulent flow that physically may be correlated with the presence of coherent
structures.

Several experiments and numerical simulations (e.g. Batchelor & Townsend 1949;
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Anselmet et al. 1984; Meneveau & Sreenivasan 1991; Vincent & Meneguzzi 1992;
Briscolini & Santangelo 1994) have shown that the K41 theory is not completely
correct in the sense that the scaling law (1.1) is affected by the intermittent nature of
the turbulent energy rate of dissipation, ε, which, in Cartesian coordinates, is defined
as (Hinze 1975)

ε = ν

(
∂Vi

∂xj
+
∂Vj

∂xi

)2

, (1.2)

where ν is the kinematic viscosity. Intermittency is then related to the presence of
rare but strong velocity gradients that are generated by highly coherent structures
(see also She, Jackson & Orszag 1991). In contrast with the K41 idea, intermittency
yields the important consequence that the flow singularities, that represents the highly
coherent structures, are not space filling (see Meneveau & Sreenivasan 1991). From
a practical point of view, the presence of intermittency may be evaluated by the
nonlinear dependence of ζ(p) over p. This behaviour may be related to the non-
Gaussianity of the probability distribution functions (PDF) of the velocity difference
field (e.g. Kolmogorov 1962; Oboukov 1962; Castaing, Gagne & Hopfinger 1990;
She 1991) whose tails move closer to exponential functions as the separation scale
becomes smaller.

The connection between coherent structures and intermittency in fully developed
turbulence has motivated several numerical analyses (e.g. Kerr 1985; She et al. 1991;
Jiménez et al. 1993) due to the importance that this aspect has for turbulence modelling
and flow control problems. In particular, numerical simulations have demonstrated
the presence of worm-like structures even in homogeneous and isotropic turbulence,
but the role and the actual shape of such structures in real turbulent flows is
not fully understood. Filamentary structures are also the basis of a recent model
(She & Levesque 1994), which predicts scaling exponents in good agreement with
experimental results (e.g. those of Benzi et al. 1993b). The presence of filamentary
structures in isotropic and homogeneous turbulence seems to be confirmed also by
some experimental investigations (e.g. Kuo & Corrsin 1972; Douady & Coudet 1991;
Cadot, Douady & Coudet 1995; Villermeaux & Brachet 1995). These experiments
have been performed for moderate Reλ = σVλ/ν (where λ is the Taylor microscale
and σV the r.m.s. longitudinal velocity) homogeneous isotropic flows (Reλ > 100).
Nevertheless, the relation between coherent structures and intermittency inside the
dissipation range (or for very low Reλ) has not yet been extensively studied. In
summary, the nature and shape of coherent structures in homogeneous isotropic
turbulence, their relation with the observed scaling laws and PDF shape, and their
importance in the dissipation range, are still open questions and are the principal
aspects that have motivated the present work.

In the present paper, the connection between coherent structures and intermittency
is studied by a proper analysis of velocity signals obtained from hot-wire mea-
surements using single and double probes. Velocity signals obtained in grid and jet
turbulence for Reλ ranging from 3 to 800 are processed by using the combined appli-
cation of wavelet transform (Meneveau 1991a) with the extended self-similarity (ESS)
form of scaling (Benzi et al. 1993a, b). This approach permits the analysis of intermit-
tency properties and, in this case, particular emphasis is given to the low-Reλ cases.
Secondly, the wavelet decomposition is used for constructing a coherent-structures
identification technique. The methodology is based on the idea that even homogeneous
and isotropic turbulence is characterized by the presence of coherent structures which
are intermittent and lead to an intermittent energy distribution at the smallest scales.
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This behaviour is related to the presence of strong velocity gradients which charac-
terize the passage of highly coherent vortical structures. Owing to the intermittent
nature and to the singular shape of such structures, wavelet transform decomposition
appears as an optimal tool for their eduction. The identification technique is applied
first to an artificial signal for validation, and then to real turbulence data thereby
allowing vortex structures to be clearly identified.

In the next section the main characteristics of wavelet transforms are presented. In
§ 3 the new procedure for the conditional averages of velocity signals is presented and
tested on a properly generated artificial signal. Subsequently (§ 4), the ESS form of
scaling is briefly explained. Flow conditions are summarized in § 5 and in § 6 principal
results are presented and discussed.

2. Orthogonal wavelet transform
The need of a time–frequency signal representation (or space–wavenumbers if the

Taylor hypothesis is adopted), which is necessary for analysing turbulent structures
with intermittent nature, has lead us to use the wavelet transform. The wavelet de-
composition of turbulent signals is a recent technique which has received considerable
attention in the last few years. Extensive reviews of the wavelet decomposition tech-
nique can be found e.g. in Farge (1992) and Daubechies (1992) (see also the references
therein). In the present work, discrete one-dimensional orthonormal wavelets are used.
This choice has been dictated mainly by the non-redundancy of the corresponding
wavelet coefficients. This property may be particularly useful when dealing with a
large number of samples, as in the present case. Accurate reviews of properties and
advantages of such a decomposition are given also in Mallat (1989) and Meneveau
(1991a).

The wavelet transform of a signal V (x) at a scale r at the position x, is defined as
(Farge 1992)

w(r, x) = C
−1/2
Ψ r−1/2

∫ ∞
∞
Ψ ∗
(y − x

r

)
V (y)dy, (2.1)

where Ψ (x) is the function called a wavelet, which satisfies the following so-called
admissibility condition:

CΨ =

∫ ∞
∞
|k|−1|Ψ̂ (k)|2dk < ∞, (2.2)

with Ψ̂ (k) denoting the Fourier transform of Ψ (x). Equation (2.2) is the invertibility
condition (e.g. Farge 1992) which is a necessary condition for the signal V (x) to be
reconstructable from its wavelet coefficients. The wavelet transform may be considered
as the total contribution of V (x) at the scale r at x. An important property of the
wavelet transform (see also Arneodo, Grasseau & Holshneider 1988; Bacry et al.
1989; Farge 1992; Mimouni et al. 1995) is that, if V (x) is a continuous Hölder
function of order α at x, that is

V (x)− V (x+ r) ∼ rα for r → 0, (2.3)

then the following relation applies for the wavelet coefficients:

w(r, x) ∼ rα. (2.4)

This means that, if V (x) corresponds to a velocity signal, the wavelet coefficient scales
as the velocity difference (see also Biferale 1992).
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Instead of a continuous wavelet transform, the function V (x) can be decomposed
into a series of self-similar orthonormal functions obtained by dilatations and transla-
tions of a so-called mother function Ψ00 (Meneveau, 1991a). By choosing separations
rk = 2−k , the set of functions forming the orthonormal basis may be written as

Ψkj(x) = 2−k/2Ψ00(2
kx− j). (2.5)

If we consider the signal V (j) sampled on a discrete mesh xj , the transformed
function may be rewritten in discrete form as

V (j) =

∞∑
r=1

∞∑
i=−∞

w(r)(i)Ψ (r)(i− 2rj), (2.6)

where now r represents the discretized scale. The wavelet function Ψ (r)(i− 2rj) is the
discretized version of Ψ (r)(x) = 2−r/2Ψ ( x

2r
) (see Meneveau 1991a, for more details)

and must obey the following orthogonality condition:

∞∑
k=−∞

Ψ (r)(k − 2ri)Ψ (p)(k − 2pj) = δijδrp. (2.7)

The coefficients w(r)(i) are obtained as

w(r)(i) =

∞∑
j=−∞

Ψr(i− 2rj)V (j). (2.8)

In this paper’s data analysis the convolution in (2.8) is performed by means of a fast-
wavelet-transform algorithm. In particular, we use Battle–Lemarie wavelet transforms
(Mallat 1989, and also Meneveau 1991a) which are performed over segments of
4096 samples, that is for a range of 12 degrees of resolution (which we call scales).
Specifically, the averaging over x (or i), used in the equations which follow, is obtained
by computing the wavelet transforms over segments of fixed length, using periodic
boundary conditions and a proper windowing technique, and then averaging over
them (following the procedure given in Meneveau 1991b). Furthermore we checked
that the results that are presented in § 6 do not depend upon the choice of the wavelet
type.

The principal indicators that we have used for a qualitative analysis of intermittency
of the present data, are the following.

Flatness factor (Meneveau 1991a), defined as

FF (r) =
〈[w(r)(i)]4〉i
〈[w(r)(i)]2〉2i

. (2.9)

This function (hereafter denoted FF ) gives the level of intermittency at the scale r.
Therefore, the difference with respect to the Gaussian statistics with flatness factor
equal to 3 can be directly evaluated. The subscript i in (2.9) indicates that the average
〈.〉 is performed over the positions i.

Local intermittency measure (LIM) (Farge 1992), defined as

LIM (r, i) =
[w(r)(i)]2

〈[w(r)(i)]2〉i
. (2.10)

This function enhances non-uniform distributions of energy in space since the quantity
[w(r)(i)]2 may be interpreted as the energy contained in the signal at the scale r at the
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Figure 1. Example of a turbulent signal in grid-generated turbulence acquired with a single-probe
hot-wire anemometer.

instant i. Therefore, the graphical representation of LIM at each scale r is a good
qualitative indicator of intermittency and of the magnitude of the energy fluctuations.
Furthermore, as is shown in the next section, peaks in the LIM distribution may
be associated with the passage of energetic structures which are supposed to be
characterized by a high degree of coherence in space.

3. Singularity identification and averaging
An original methodology for educing the energy bursts localized in time and scale

is presented in this section. Using this technique, coherent structures are identified and
a conditional averaging process is applied so that the shape and energy of the selected
structures are quantitatively evaluated. The efficiency, reliability and validation of the
method proposed in the following are determined by analysing a numerical signal
generated ad hoc. The procedure has then been applied to experimental velocity
signals and the results obtained are presented in § 6.

An example of a turbulent velocity signal acquired in grid turbulence by means of
a single-probe hot-wire anemometer, is shown in figure 1. No structure can be readily
identified, and, consequently, there is no apparent connection between the measured
intermittency and the passage of turbulent coherent structures. The variation of the
velocity magnitude induced by such structures is therefore of the same order or
smaller than the velocity fluctuations. Following for instance Kevlahan & Vassilicos
(1994), we sometimes refer to vortical structures as flow singularities, even if, when
dealing with real turbulence, this term cannot be considered in a strictly mathematical
sense.

As pointed out by Vassilicos (1996), the wavelet coefficients have the property
of enhancing flow singularities, in particular when dealing with Hölder functions
as in (2.3). This property may be used to detect singularities in turbulent flows. The
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procedure we follow is very simple: first of all, the smallest scale, r, that can be resolved
by the wavelet decomposition must be chosen. This may be done by referring to the
usual Fourier spectrum and selecting the smallest wavenumber k = 2π/r resolved
by the probe and not affected by noise. Once r = r is chosen, LIM as a function
of space x can be computed and a proper trigger threshold level t can be fixed.
When, for x = x0, |LIM (x0, r)| > t, it may be assumed that a particular type of flow
singularity has been detected at the position x0 at the scale r. By varying the trigger
level, one can select singularities of different levels of energy, whereas for r > r one
can observe singularities corresponding to smaller resolution (or larger scales). The
properties demonstrated through the triggering procedure are the following:

Number of singularities: it is of interest to analyse the number of singularities as a
function of the trigger level. The number of singularities divided by the total number
of samples considered indicates the probability of detecting a flow singularity and
this ratio may be interpreted as an indicator of the space fillingness of the turbulent
structures. We shall compare this function with the expected PDF shapes of the
velocity difference fields.

Phase average of the velocity signal: the time signature of flow singularities can
be obtained by the ensemble averaging of the velocity signal centred at the position
x0 that corresponds to the sample i0 where energy overcomes the trigger threshold.
If j = i

(t)
0 is the position where a singularity is detected for a certain trigger level t,

we can define V (j, i) as the portion of the velocity signal centred in j and extending
for an interval of points i of proper width. The ensemble averaging procedure is then
taken over all j where the energy is above the trigger level, and may be written as:

V (t)(i) = 〈V (j, i)〉j , (3.1)

where, as pointed out above, i extends over an appropriate interval to be chosen in
correspondence with the width of the singularity. In continuous form the averaging
procedure may be written as

V (t)(x) = 〈V (x− x0)|{x0}〉x0
,

which indicates that the procedure leads to a statistical averaging conditioned on
the events x0. By varying the resolution where the peaks’ detection is performed, it
is possible to observe structures of different size. This procedure is similar to the
averaging process proposed by Kevlahan & Vassilicos (1994) for local and global
similarity to be distinguished. The advantage of the present procedure is that the time
signature of a coherent structure passing through the measurement volume can be
directly observed on the velocity signal whereas in the case of Kevlahan & Vassilicos
(1994), the averaging is performed on the wavelet coefficients so that structure shape
in the time domain is not differentiated. They obtain superimposed cones in the
wavelet domain, indicating the presence of singularities. Furthermore, their procedure
is particularly efficient at high Re (or for velocity signals with a very large range of
length scales).

To test the procedure proposed in the present work, the averaging process is applied
to an artificial Gaussian random velocity signal superimposed on singularities given
by (2.3) with exponent α = −1/6. The total number of points is 106. Specifically,
the Gaussian signal has zero mean value and a standard deviation of about 0.5. The
singularity distribution is instead characterized by a much smaller standard deviation
(of about 0.004), two orders of magnitude smaller than that of the Gaussian signal.
As is shown later, the adopted ratio between singularities and global signal standard
deviations is of the same order as what is observed in real turbulence. Therefore it is
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Figure 2. Singularities superimposed on a Gaussian random signal (see (2.3)). The presence of
singularities cannot be identified.

impossible to identify singularities on the resulting signal without a proper averaging
technique. This is demonstrated by figure 2 where one segment of the resulting signal
is reported. In figure 3 the averaged signal is presented. The random oscillations are
almost eliminated whereas the contribution of singularities is enhanced. A further
check has been performed by comparing the energy contained in the reconstructed
singularities to the energy associated with the real ones. Specifically, supposing that the
artificial signal corresponds to velocity vs. time x, the energy for unit time contained
in the total number of singularities may be defined as

E =

∫
V (x)2dt×Ns

Xtot

, (3.2)

where the integral extends over the time interval corresponding to the length of the
singularity. Ns is the number of singularities whereas Xtot is the total acquisition time
window (corresponding, in the present case, to 106 samples). The energy E has been
calculated for the singularities given by (2.3) (indicated as Er), and for the singularities
identified by the averaging process (hereafter indicated as Ea). It has been found that
the agreement is quite satisfactory since the relative error, defined as (Er − Ea)/Er , is
about 5%, since Er ' 0.020 and Ea ' 0.019. It has to be pointed out that a possible
source of error in the averaging technique is related to the loss of resolution yielded
by the wavelet decomposition. When N samples are transformed, the largest available
resolution corresponds to N/2 samples. This leads, on the reconstructed time signal, to
a phase uncertainty corresponding to 1 sampling interval. When dealing with strongly
peaked functions, as in the case of (2.3), this may lead to a slight error in the peak
magnitude reconstruction and, consequently, in the energy estimation. Nevertheless,
in the case of real turbulence data the shape of the averaged singularities is smoother
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Figure 3. The result of the averaging procedure applied to the signal of figure 2. The singularities are
now clearly enhanced and their shape is correctly reconstructed (the functional form of singularities
is [x− x0]−1/6).

because of the effect of viscosity. Therefore the error is very low and this source of
uncertainty has not been accounted for.

4. Extended self-similarity
The calculation of the intermittency exponents of (1.1), at low and moderate Reλ,

can be accurately performed by the use of the ESS form of scaling, recently introduced
by Benzi et al. (1993a) and Benzi, Ciliberto & Chavarrı́a (1995) (see also Arneodo
et al. 1996 and Benzi et al. 1996 for extensive discussion of the properties of ESS).
This form of scaling permits the detection of a widely extended scaling range, even
for low and moderate Reλ and for scales inside the dissipation range. Owing to
this interesting property, several studies have been performed in this field (see also
Briscolini & Santangelo 1994; Camussi & Guj 1996; Camussi et al. 1996a). The
range of scales where a scaling law applies is found by determining the scaling of
the absolute value of one structure function with respect to the absolute value of the
third-order one, i.e.

〈|∆V (r)|p〉 ∼ 〈|∆V (r)|3〉ζ(p), (4.1)

where the use of the absolute value improves the statistical convergence (Camussi et
al. 1996b). It has been found that the ESS scaling range applies all the way down
to scales of the order of a few Kolmogorov lengths (about r ∼ 5η), which is deep
inside the dissipation range of scales. Furthermore the scaling exponents calculated
from (4.1) are almost independent of Reλ (Arneodo et al. 1996). One question that
we would like to clarify in this paper is whether this form of scaling still applies for
the wavelet coefficients at low Reλ. Indeed, as shown in § 2, the wavelet coefficients
scale as the velocity differences (2.4). Therefore it is possible to verify if the following
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V (m s−1) σV (m s−1) η (mm) λ (mm) Reλ Ntot × 105 Fs × 103 (s−1)

1.4 (I) 0.0066 ∼2.80 ∼9.2 ∼ 3 30 16
2.5 (I) 0.0290 ∼0.80 ∼6.3 ∼ 12 30 16
5.1 (II) 0.0521 ∼0.50 ∼3.7 ∼ 20 5 35
11 (III) 2.3500 ∼0.05 ∼1.7 ∼ 250 42 24
8.4 (IV) 2.0310 ∼0.10 ∼7.0 ∼ 800 160 16

Table 1. Characteristic parameters of the different flow conditions: (I) represents homogeneous grid
turbulence (x/M = 163, with M the grid mesh size) at very low Reλ, (II) represents the experiment
in homogeneous grid turbulence at Reλ ' 20, (III) is fully developed jet turbulence at x/D1 = 23

(where D1 is the jet diameter) and (IV) also jet turbulence at x/D2 = 25 (D2 = 3 D1). V is the
mean axial velocity at the measurement positions and σV is the longitudinal standard deviation.
Ntot is the total amount of acquired samples with frequency sampling indicated as Fs. Also, η is the
Kolmogorov length, defined as η = ν3/4ε−1/4, whereas λ is the Taylor microscale.

relation applies for the low Reλ considered in the present work:

〈|w(r)(i)|p〉i ∼ 〈|w(r)(i)|3〉ζ(p)i . (4.2)

Furthermore, it is possible to apply this equation only to the flow singularities selected
by the triggering procedure previously explained. For a certain trigger level t, it is
then possible to write the following relation:

〈|w(r)(i(t))|p〉i(t) ∼ 〈|w(r)(i(t))|3〉ζ(p)
i(t)
. (4.3)

The use of (4.3) corresponds to checking the validity of ESS in connection with the
presence of a flow singularity. The consequences of such a procedure are discussed in
§ 6.

5. Flow conditions
The experimental analyses have been conducted in different turbulent flow con-

ditions by means of constant-temperature anemometers (CTA) with single sensor
and X probes. The statistical reliability and experimental uncertainty of all the data
considered has been thoroughly verified in previous works (Camussi & Guj 1996 and
Camussi et al. 1996a–c). In particular, homogeneous grid-generated turbulence has
been considered at low and very low Reλ (down to Reλ ' 3) whereas fully developed
jet turbulence has been studied at moderate and high Reλ (up to Reλ ' 800). The
principal flow conditions and acquisition parameters are summarized in table 1. De-
tails on experimental arrangements, data processing and accuracy evaluation can be
also found in Camussi & Guj (1996) and Camussi et al. (1996a–c).

6. Results and discussion
The use of wavelet decomposition has allowed us to correlate two important

aspects of turbulence in the transition from fully developed (Reλ ' 800) to almost
laminar conditions (Reλ ' 3): small-scale intermittency and the presence and shape
of small-scale coherent structures.

The first point, widely studied in recent years, refers to small-scale intermittency.
In the present work attention is focused on the analysis of intermittency at low Reλ.
The present application of the wavelet transform in connection with the use of a
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Figure 4. FF calculated for homogeneous turbulence at Reλ ' 3 (solid line) and Reλ ' 12 (dashed
line). At large scales (small resolution) the statistics is close to Gaussian and FF is close to 3.

trigger threshold in the structure identification procedure permits universal properties
of the scaling relations which are observed for Reλ > 10 to be found. The intermittent
behaviour is also analysed through other qualitative indicators and by the evaluation
of wavelet coefficient scaling exponents.

The second aspect, still under debate, is the presence and the shape of small-scale
coherent structures, which in the present cases are identified by a suitable condi-
tional averaging technique. It is shown that coherent structures, in the experiments
considered, have shapes which may depend upon the turbulence generator.

6.1. Intermittency at low Reλ

Qualitative indicators of intermittency are FF and LIM defined in § 2. One result in
terms of FF at Reλ ' 12 and Reλ ' 3 and in homogeneous conditions, is reported in
figure 4. FF is plotted as a function of the non-dimensional wavenumber k = 2π/r,
where r denotes the scale and the normalizing factor adopted is the Kolmogorov
length η (see Meneveau 1991a). An increase in magnitude of FF at Reλ ' 12 is
observed at the smallest scales (i.e. for large resolution) indicating the departure
from a Gaussian distribution (corresponding to FF = 3) as an effect of intermittency
(according to Meneveau 1991a, figure 8) whereas FF calculated at Reλ ' 3 remains
approximately constant and close to 3, indicating the absence of intermittency at any
scale. The deviations from the Gaussian distribution are expected for high Reλ but
the result of figure 4 shows that even for Reλ ' 12 intermittency effects at small scales
are significant (see e.g. She, Jackson & Orszag 1988, and Camussi & Guj 1996).

The value of LIM at different scales gives further qualitative information on the
degree of intermittency which characterizes different flow conditions. In particular, we
focus attention on the smallest scales resolved which, as already pointed out, can be
selected by the Fourier spectra analysis. In figure 5 LIM calculated in homogeneous
grid turbulence, at two different Reλ, are reported. The intermittent nature of the
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Figure 5. LIM calculated at the smallest resolved scale for homogeneous grid turbulence at Reλ ' 3
(solid line) and 12 (dashed line). The highest peaks indicate the presence of coherent structures
which are supposed to correspond to a high energy level. Note that the integral of LIM reported
in the figure may be slightly different from the expected unity value since the plot corresponds to a
segment of 256 samples from a series of 4096 samples.

energy distribution is well demonstrated by the non-uniform distribution of the
peaks. By definition, the peaks of LIM are related to energy bursts at the selected
scale r, therefore LIM = o(1) indicates no intermittency, whereas the largest peaks
are presumed to be induced by the passage of structures of high spatial coherence
in the turbulent flow. More specifically, figure 5 shows that at Reλ ' 3 the LIM
distribution is characterized by small fluctuations, whereas the degree of intermittency
is significantly higher at Reλ ' 12.

This preliminary analysis indicates, from a qualitative point of view, that inter-
mittency is observed at least for Reλ > 10. This is confirmed by the FF and LIM
analyses conducted in other flow configurations at higher Reλ which, for brevity, are
not reported here. Indeed, the FF and LIM have similar behaviours for Reλ > 10,
whereas for Reλ < 10, no significant increase in the FF magnitude and no significantly
peaked distributions of LIM are observed.

As indicated in (4.2), it is possible to verify the validity of ESS when applied to
the wavelet coefficients. This analysis has been previously conducted by Arneodo et
al. (1996), but we extend this study to lower Reλ. An example of the scaling ranges
detected by the ESS in homogeneous grid turbulence (Reλ ' 12) and for p ranging
from 2 to 6, is given in figure 6. A scaling range is observed and the scaling exponents,
calculated by linear fits also represented in the figure, are, as indicated in table 2, in
agreement with previous results at higher Reλ, and also with exponents obtained by
the ESS applied to the same data, but using the velocity structure functions (Camussi
& Guj 1996). The exponent uncertainty has been evaluated by the standard deviations
of the PDFs of all the possible slopes that can be obtained by couples of points in
the scaling range (Camussi et al. 1996a). The linear fits are conducted over an interval
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Figure 6. Scaling ranges obtained by means of the ESS form of scaling for p = 2, 4, 5, 6 in
homogeneous grid turbulence at Reλ = 12. The linear fits correspond to the straight lines and the
scaling exponents are reported in table 2.

p K41 B. et al. ESS∗ Present results

2 0.66 0.70 0.68 0.68± 0.002

4 1.33 1.28 1.30 1.30± 0.012

5 1.66 1.53 1.54 1.56± 0.021

6 1.99 1.78 1.83 1.84± 0.022

Table 2. Comparison of the measured exponents to the Kolmogorov theory (indicated as K41) and
the experimental results of Benzi et al. (1993a) (indicated as B. et al.). ESS∗ represents the scaling
exponents obtained from ESS applied to the same data but using the velocity structure functions
(4.1).

corresponding to scales larger than the dissipative length η and smaller than the
integral one. Also the analysis of other cases considered (not reported here) confirms
that the scaling exponent magnitudes are in agreement with previous results, e.g. those
of Benzi et al. (1993a), and that down to Reλ ' 10, through ESS, it is possible to
demonstrate an intermittent behaviour characterized by the same scaling exponents
as the high-Reλ cases.

Further properties may be obtained following the triggering procedure explained
in § 3. By varying the trigger level, a different number of singularities is detected.
Since intermittency is related to coherent structures, which in the present case are
interpreted as energy bursts corresponding to singularities in the LIM distribution,
ESS should also apply when considering only those events if they are responsible for
intermittency. In figure 7 the pth (p = 2, 4, 5, 6) vs. third-order moments are shown
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Figure 7. Scaling ranges obtained by means of ESS for different trigger levels and for p = 2, 4, 5, 6.
Four trigger levels ti (with i = 1...4) are considered at each p (corresponding, for a certain p, to
different symbols) such that ti/ti+1 = 2. The collapse of the points is satisfactory indicating the
independence of the scaling exponents with respect to the trigger threshold. The figure corresponds
to homogeneous grid turbulence at Reλ = 12.

for the case of homogeneous grid turbulence at Reλ = 12 and for different trigger
levels. The collapse of the points is satisfactory in all cases and the linear fit gives
the expected exponent with an error down to 1% with respect to the ζ(p) calculated
by (4.2) (see the fifth column of table 2). Similar results (not reported here) are
obtained for the other flow conditions at larger Reλ whereas at Reλ = 3 the expected
regularization of the scaling exponents is observed (Camussi & Guj 1996). Specifically,
for very low Reλ or for scales r 6 η, the regularization implies that 〈∆V (r)p〉 ∼ rp (e.g.
Monin & Yaglom 1975), therefore a Kolmogorov p/3 scaling is observed when the
ESS is used, that is when 〈∆V (r)p〉 is plotted against 〈∆V (r)3〉. These results indicate
that ESS is a property which characterizes the scaling of singularities when Reλ > 10.
The scaling behaviour, indeed, does not vary when only singularities responsible for
intermittency are conserved. This supports the robustness of ESS as a correct way
for observing scaling laws and confirms that only singularities are responsible for the
observed intermittent behaviour.

From a practical point of view, the determination of the scaling exponents by the
triggering procedure may be performed by considering not the background turbulence
but only the time instants corresponding to the selected events. This may lead to a
significant decrease of the number of samples that it is necessary to process in order
to obtain the scaling exponents. As an example, in the present case, the use of the
triggering method in addition to the ESS leads to the correct scalings, by using a total
amount of data of about two orders of magnitude smaller than the acquired ones.
The triggering procedure may then be inserted in the measurement chain, allowing
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Figure 8. Number of singularities as a function of the trigger threshold level properly normalized.
The curves represent different flow conditions in homogeneous turbulence. The collapse of the
curves, except for the lowest Reλ (' 3), is achieved in all cases.

a (quasi)real-time selection of the samples of interest. The implementation of this
procedure is presently under study by the authors.

As already pointed out, the number of singularities normalized with respect to the
total number of samples, indicates the space fillingness of singularities at different
energy levels. Furthermore, since 〈w(r, i)〉i ∼ ∆V (r), the ratio between the number of
singularities and the total amount of samples is directly related to the PDFs of the
velocity differences. Accounting for the proportionality between LIM and the square
of the wavelet coefficients, i.e. the energy contained at the selected scale, we introduce
a new normalization in order for intermittency to be accounted for in each flow
condition. An example concerning homogeneous grid turbulence and jet turbulence
is presented in figure 8. Here, the curves are normalized with respect to the r.m.s. of
LIM calculated on the selected scale where the trigger threshold acts. Such a scale is
chosen as the smallest resolved scale and then actually varies for the different flow
conditions. Indicating by t the threshold level and r the selected scale, the following
non-dimensional expression is obtained:

Ns

Ntot

= f

[ t

〈LIM (r, i)2〉1/2i

]1/2
 , (6.1)

where Ns is the number of singularities and Ntot is the total number of samples which
is considered in the averaging procedures. By simple manipulation and accounting
for the definition of LIM , it may be shown that the previous expression corresponds
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to

Ns

Ntot

= f

(
t1/2

FF (r)1/4

)
, (6.2)

or to the following explicit relation:

Ns

Ntot

= f

(
t

〈w(r, i)4〉1/4i

)
. (6.3)

The quantity 〈w(r, x)4〉1/4i is therefore dependent on both the degree of intermittency
and the energy contained at the scale r. Equation (6.2) represents the new normaliza-
tion adopted as applied in figure 8. In this figure, except for the case at Reλ ' 3, the
collapse of the curves is satisfactory showing a universal feature of such distributions
for Reλ > 10. Also, the functional form is in agreement with previous observations
(Gagne 1987). It should be pointed out that the collapse of the curves is achieved

only when the exponent p of the normalizing factor 〈w(r, x)p〉1/pi equals 4. This may
be related to the direct connection between flatness and degree of intermittency. It
should be pointed out, indeed, that the normalizing factor is related to the LIM
r.m.s., which gives an indication of the mean fluctuations of energy and, therefore,
gives an estimate of the degree of intermittency. Finally, the use of a semi-log scale
in figure 8 demonstrates the exponential functional form of the curves in agreement
with previous results on the velocity difference PDFs (e.g. Castaing et al. 1990).

As a conclusion, the results obtained so far confirm that, even in those cases where
intermittency is hardly detected (i.e. for Reλ ' 10), singularities are still present.
Furthermore, the dimensionless number of singularities presents the same exponential
law as the cases at higher Reλ. Therefore the presence of intermittency and the
mechanism of formation of singularities of different energy, may be extended from
high to very low turbulence, that is for Reλ > 10.

6.2. Averaged velocity induced by coherent structures

The triggering procedure presented in § 3, has been used to detect the averaged time
signatures corresponding to the peaks selected in the LIM distributions. We point
out that the variation of the resolution r where LIM is calculated corresponds to
analysing the effect of intermittency detected at different scales. In principle, it is not
possible to affirm that intermittency at small (large) scales is induced by small (large)
structures. This aspect is demonstrated below in the framework of the jet signals
analysis.

The average of coherent-structure signatures obtained in homogeneous and isotropic
grid turbulence at Reλ ∼ 12 is presented for different trigger levels in figure 9. Specif-
ically, indicating with t1, t2 and t3 the three different thresholds, we have t1 < t2 < t3
with t1/t2 = 0.2 and t1/t3 = 0.1. The x-axis represents the space scale normalized
with respect to the Kolmogorov length η. The relative velocity of the y-axis, is in-
stead normalized with respect to the r.m.s. velocity fluctuations. The latter quantity is
strictly related to the total amount of energy of the signal. Therefore, the normalized
velocity may be interpreted as the relative energy associated with the intermittent
structures with respect to the energy contained in the velocity fluctuations of the
whole signal. This normalization has been adopted in all the figures that follow. Note
that the average extracted structures have higher intensity for higher trigger levels
because lower trigger levels include information from lower energetic structures in
addition to that captured by using higher trigger levels. From figure 9, it is evident
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Figure 9. Turbulent structure signatures on the velocity signal in homogeneous turbulence at
Reλ = 12. Different curves corresponds to different trigger threshold levels with t1 < t2 < t3. L
represents the integral length in terms of η.

that the passage of coherent structures has been identified, for any trigger level. The
averaged signal is reminiscent of the velocity profile in a Rankine vortex tube. The
geometric scale of the structures detected does not depend upon the trigger level,
thereby demonstrating the robustness of the identification technique adopted. Also,
in all the other cases considered, the extent of the structures identified, in terms of
r/η, does not depend upon the trigger level. Therefore, in the figures which follow,
only one value of t is considered.

By selecting the resolution (that is by varying the scale r where the LIM thresholding
is applied) it is possible to detect structures of different size. In the cases of grid
turbulence, shown in figure 10(a, b) respectively for Reλ ∼ 12 and 20, it is observed
that the larger the resolution the smaller the structures identified. This behaviour is
clearly observed even if in these cases the L/η ratio (L represents the integral length) is
small. The characteristic size of the structures corresponding to the smallest resolved
scales is qualitatively evaluated from the peak-to-peak distance. Such scales are of
about 8η–10η for both Reλ. The larger structures, obtained with a resolution 24 times
smaller, have instead the size of about one integral length. Furthermore, we have
calculated the ratio between the energy contained in small- or large-scale structures
educted by fixing the trigger level ti = 2, and the total energy of the signal (see (3.2)),
that is Ea/σ

2
V . In this way, we may estimate the contribution of the educted coherent

structures to the total energy of the signal. In the case of small-scale structures, the
energy ratio is about 1% of the total energy whereas, for the largest scales, it is on
the order of 10%. The sensitivity of the estimated energy Ea to ti has been checked
to be weak.

The case at Reλ = 3 is reported in figure 11. For such low Reλ, the turbulent
structures have, for different resolutions, a scale which remains always approximately
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Figure 10. Turbulent structures corresponding to different resolution, obtained for homogeneous
grid-turbulence at Reλ = 12 (a) and Reλ = 20 (b). The large-scale signal of (a), corresponds to the
lower curve (lower trigger level) of figure 9. The greater smoothness of the curves of (a) with respect
to (b) is related to the larger number of samples acquired. The size of the structures is on the order
of 8η for (a) and about 10η for (b). The integral lengths are also shown.

on the order of the integral length. The large magnitude of the characteristic size of
the turbulent structure and the small integral-to-Kolmogorov length ratio may be the
cause of the low degree of intermittency observed at such low turbulence levels. On the
other hand, because of the low intermittency, it was expected that coherent structures
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Figure 11. Turbulent structure detected for Reλ = 3. In this case the change of resolution does not
lead to smaller structures. The integral length is shown.

were characterized by a large size. In fact, the normalized velocity amplitude (that is
correlated to the relative energy of the turbulent structure) is larger than in previous
cases where intermittency was present and the energy ratio Ea/σ

2
V is of the order of

10%.
On the other hand, quite different averaged velocity signatures are identified in the

case of the turbulent jet. The longitudinal and transverse components of the velocity
signatures are presented in figure 12(a). Also in this case, the variation of resolution
does not lead to any change in the structure size, for both velocity components. In
fact, from a qualitative point of view, the averaged velocity signals seem, in these
cases, to be induced by the passage of a vortex ring around the probe, i.e. a large-scale
structure with high relative energy level. When a vortex ring, generated in the mixing
layer region of the jet flow, approaches the probe position the longitudinal velocity
magnitude measured increases, then has a maximum when the ring passes through
the measuring position, and finally decreases. The transverse velocity induced by
such large-scale structures is on the other hand always zero for symmetry. Therefore,
zooming in on the transverse velocity component of figure 12(a), we may observe
time signatures of turbulent coherent structures passing through the axis of the jet
flow, since the transverse velocity is not affected by the passage of rings. The result
is reported in figure 12(b). The coherent-structure time signature appears very similar
to those observed in homogeneous grid turbulence at Reλ > 10 (figures 9 and 10).
The relative velocity amplitude is of the same order as, but slightly lower than that of
figure 10(a, b). In the case of figure 12(b), the filtering effect due to the X probe length,
which corresponds to about 20η, may affect the resolution of the averaging process
so that the amplitude of the smaller structures, as well as their contribution to the
averaged velocity, may be reduced. In terms of energy, we observed that small-scale
structures (always educted for ti = 2), obtained from the transverse components,
gives a ratio Ea/σ

2
V of the order of 1% whereas the large structures observed on
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Figure 12. (a) Longitudinal and transverse velocity signature of turbulent structures in jet turbulence
at Reλ = 250. (b) A blow up of the highlighted region of (a) corresponding to the transverse velocity
component. W and σW represent respectively the transverse and r.m.s. velocity. Integral length is
shown in (a).

the longitudinal component appears much more energetic since the Ea/σ
2
V ratio is

about 30%. This estimations are based on the structures extracted with ti = 2 but, as
pointed out above, are qualitatively valid for any ti.

In order to validate this result further, we applied the triggering procedure to
turbulent signals acquired with a single micro-probe hot-wire anemometer, in a
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Figure 13. Longitudinal velocity signature of turbulent structures in jet turbulence at Reλ = 800.
The agreement with the previous longitudinal component in jet turbulence (figure 12a) is evident.
The integral length is also shown.

turbulent flow generated by a jet with large diameter and at high Reλ (' 800, that
is case (IV) of table 1). In this case the probe resolution is much better than in the
previous jet signals (probe length ∼ 4η), but only the longitudinal velocity component
has been measured. The result obtained is shown in figure 13 confirming the shape
already observed in the corresponding longitudinal velocity of figure 12. Furthermore,
also in this case, we found that the Ea/σ

2
V ratio is of the order of about 30%.

In summary, in the case of turbulent jets, the longitudinal velocity component
permits the identification of the mixing layer structures (vortex rings), whereas the
transverse velocity component reveals the presence of intermittent structures, similar
to those observed in homogeneous grid turbulence. Furthermore, note that the inter-
mittent small coherent structures (differentiated through the transverse component)
are strongly correlated with the structures of larger scale (differentiated through the
longitudinal component) since they correspond to the same time instants (indicated
with j in (3.1)). The energy associated with these large structures seems to overcome,
in some cases by one order of magnitude, that associated with the smaller structures
which have been used for phasing the averaging process. Therefore, intermittency at
the smallest scales may be induced by structures of much larger size (of the order of
the integral length).

7. Conclusions
Several aspects concerning intermittency and coherent structures in low- and

moderate-Reλ homogeneous turbulence have been addressed through the orthog-
onal wavelet decomposition in combination with the ESS form of scaling, applied
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to experimental data obtained in grid and jet turbulent flows. The principal results
obtained, are summarized as follows.

The ESS form of scaling applies for the wavelet coefficients and yields intermittency
exponents in agreement with previous analyses based on the scaling of the velocity
structure functions at the same and much higher Reλ.

The qualitative indicators FF and LIM confirm that intermittency and the conse-
quent anomalous scalings are properties not only of the inertial range, but they may
be extended to the dissipative region or to very low-Reλ flows (down to Reλ > 10).

Singularities of the turbulent flows are identified as energy bursts at the smallest
scales. It is observed that only such singularities are responsible for intermittency
and that ESS still applies when only these events are considered and the turbulent
background is eliminated. The anomalous scaling is indeed still observed even when
the time selected for the scaling analysis, correlated with the triggered events, is
of about two orders of magnitude less than the total time acquisition length. This
suggests that the energy contained by the small-scale turbulent structures responsible
for intermittency is only a small percentage of the total energy of the turbulent velocity
fluctuations and seems in agreement with previous numerical results concerning the
contribution of vortex tubes to the total turbulent energy (e.g. Jiménez et al. 1993).

Turbulent structures are detected in all cases even for Reλ ' 3, that is at a very low
turbulence level for which intermittency anomalies are totally absent. The presence of
coherent structures may then be assumed as a property of homogeneous turbulence
independently of Reλ.

The space fillingness of the identified coherent structures is weakly dependent on
Reλ if homogeneity is preserved. In fact, a new normalization is introduced and, in
homogeneous conditions, universal behaviour is observed for Reλ > 10 but not for
Reλ ' 3. Therefore, the lower limit, in terms of Reλ, to detect intermittency anomalies
using the ESS technique coincides with that required in order for a universal behaviour
of the space fillingness of coherent structures to be observed.

A conditional averaging technique based on the triggering procedure applied to
the LIM distributions at different scales or resolutions is presented and validated.
This procedure allows us to observe the time signature of the passage of coherent
structures close to the measurement position.

In homogeneous grid-generated turbulence, the averaged time history seems to be
related to the passage of vortex tubes even though only a three-dimensional analysis
would be able to clarify the actual shape of the structures. At the smallest scales, the
size of the extracted average structures is on the order of 4η–5η (according to Jiménez
et al. 1993). At Reλ = 3, where no intermittency is observed, structures with broader
characteristic scale are observed. The latter seems to be the effect which leads to the
disappearance of intermittency.

In jet turbulence, the longitudinal velocity component seems to be affected by the
passage of vortex rings belonging to the mixing layer region. Such large structures
induce intermittency even on the smallest scales, where the triggering procedure
is applied. Furthermore, the large structures are in phase with the smallest ones
which instead seem to conserve a filamentary shape. It is confirmed that small-scale
structures contribute a small percentage to the total energy whereas the energy of the
large-scale structures may reach 30% of the total.

The most significant result obtained from the conditional averaging procedure is
that structures with different shape and of very large scale seem to induce intermittency
with universal scaling exponents. Indeed, recall that the ζ(p) exponents corresponding
to the longitudinal velocity component, measured in jet or grid turbulence, are always
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the same (see e.g. Benzi et al. 1993a). Therefore, the possible different nature of
coherent structures is hidden behind the universality of the scaling exponents usually
observed both in grid and in jet turbulent flows.
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